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THE GORENSTEINNESS OF THE SYMBOLIC BLOW-UPS
FOR CERTAIN SPACE MONOMIAL CURVES

SHIRO GOTO, KOJI NISHIDA, AND YASUHIRO SHIMODA

ABSTRACT. Let p = p(n;, ny, n3) denote the prime ideal in the formal power
series ring 4 = k[[X, Y, Z]] over a field k defining the space monomial
curve X =T",Y =T" ,and Z = T™ with GCD(n,, ny, n3) = 1. Then
the symbolic Rees algebras Rs(p) = @, p" are Gorenstein rings for the
prime ideals p = p(n, ny, n3) with min{n;, ny, n3} = 4 and p =
pim,m+1, m+4) with m#9, 13. The rings Rs(p) for p=p(9, 10, 13)
and p =p(13, 14, 17) are Noetherian but non-Cohen-Macaulay, if chk = 3.

1. INTRODUCTION

Let k be a field and let 4 = k[[X, Y, Z]] and S = k[[T]] be formal power
series rings over k. Let p =p(n,, n,, n3) denote, for positive integers n;, n,
and n; with GCD(n,, n,, n3) = 1, the kernel of the homomorphism f: 4 —
S of k-algebras defined by f(X)=T", f(Y)=T",and f(Z)=T". We
put Ry(p) = ¥,5oP™¢" (here ¢ denotes an indeterminate over A) and call it
the symbolic Rees algebra of p.

In the previous paper [1] the authors studied the problem when R (p) is a
Gorenstein ring and gave a criterion for the case in terms of the elements f
and g of p in Huneke’s condition [6] for R;(p) to be Noetherian. With the
criterion the authors proved that R;(p) are always Gorenstein for the prime
ideals p = p(m,m + 1, m+ 3) with m > 1 and p = p(n;, ny, n3) with
min{n;, ny, n3} = 3.

To be the next targets we would like to choose the prime ideals p = p(m, m+
1,m+4) with m > 1 and p = p(n,, n2, n3) with min{n;, ny, n3} = 4,
and our conclusion for these ideals can be summarized into the following two
theorems.

Theorem (1.1). R (p) is a Gorenstein ring for p = p(m,m+ 1, m + 4), if
m#9,13.
Theorem (1.2). R,(p) is a Gorenstein ring for p =p(n,, ny, n3), if
min{n,, ny, n3} = 4.
In Theorem (1.2) the fact that Rs(p) is Noetherian is due to [6]. Our contri-

bution is its Gorensteinness. For m =9, 13 in Theorem (1.1) the rings R;(p)
are Noetherian but not Cohen-Macaulay, if chk =3 (cf. [7] and (3.4)).
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Theorem (1.1) (resp. Theorem (1.2)) shall be proved in §3 (resp. §4). Section
2 is devoted to some preliminary steps. In his remarkable paper [6] Huneke gave
a criterion for R(p) to be Noetherian, by which he guaranteed the Noetherian
property of Ry(p) for p =p(n,, ny, n3) with min{n,, ny, n3} = 4. To prove
Theorem (1.2) we need his arguments as well as his results (that we will briefly
summarize in §4). However the key is the criterion given by the authors [1]
for Rs(p) to be a Gorenstein ring, which we will recall in §2 for the sake of
completeness.

Throughout this paper let (4, m) be a regular local ring of dim4 = 3 and
p a prime ideal in 4 with dim 4/p = 1. For each finitely generated 4-module
M let [4(M) and u,4(M) respectively denote the length of M and the number
of elements in a minimal system of generators for M .

2. PRELIMINARIES
First of all let us recall Huneke’s criterion.

Proposition (2.1) [6]. If there exist f € p*) and g € p"") with positive integers
k, 1 such that 14(A/(f, g, x)A) = kl-14(A/p+ xA) for some x € m\p, then
R;(p) is Noetherian. When the field A/m is infinite, the converse is also true.

The criterion given by the authors for R(p) to be a Gorenstein ring is based
on (2.1) and is stated as follows.

Theorem (2.2) [1]. Let f and g beasin (2.1). Then the following two conditions
are equivalent.

(1) Ry(p) is a Gorenstein ring.

(2) A/(f, g)+p™ is a Cohen-Macaulay ring forany 1 <n<k+1[-2

When this is the case, the A-algebra R(p) is generated by {p™t"} i <n<k+i-2>
ft* and gt', and the rings A/(f)+p™, A/(g)+p™ and A/(f, g)+p™ are
Cohen-Macaulay for all n > 1.

Here let us note the following lemma that we will use to calculate the length
of certain modules.

Lemma (2.3)'. Let R be a two-dimensional Cohen-Macaulay local ring and let
x,y be a system of parameters of R. For given sequences po =0 < p; < py <
< ppand go> g1 > > qn_1 > qn =0 of integers, let

I=(xPy%|0<i<n)R.
Then

lR(R/I)=lR(R/(x,.V Z% l —Di- l

Proof. We may assume that n > 2 and that our assertion is true for n — 1.
Then considering the sequences p, =p; (0<i<n-1), ¢i=¢ (0<i<n-2)
and g;_, =0, we get by the hypothesis on n that

Ir(R/T') = IR(R/(x, ¥)) qu 1(pi = pi1)

! The formulation of this lemma is due to the referee. The authors are grateful to the referee
for his suggestion.
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where I' = (xP1y%|0 < i < n-1)R. Since I’ = I + (xP»-1) and [: xP-1 =
(xpn—pn—l yqn—l) we have

IR(R/T) = Ix( R/I’)+1R(I+(x"" N/

= [r(R/(x, y)) qu 1(Pi = Pi—1) + [R(R/(XPr=Pr=t yn=t))

[r(R/(x, y)) thl = Di-1)

as required.

Now let us assume that our ideal p is generated by the maximal minors of
the matrix

Ys zv x¢

where X, Y, Z isaregular system of parameters for 4 and o, 8, y,a', ', 7
are positive integers. Then after suitable permutations of the rows and columns
of M, we may assume that the matrix M is one of the following type.

(I) a<ad’, p< B and y <y,

(Il) ' <a, B<pB and y<y'.

As was proved by Herzog and Ulrich [3], p is self-linked (resp. not self-linked)
if and only if M has type (I) (resp. type (II)). And in any case it is already
known that pu,(p®/p?) = 1 and p™ # p* for all n > 2 (cf. [5]). However,
later we will need so frequently the assertions for the prime ideals p whose
matrices M have type (I) that we would like to give a brief proof for the case.
(See [7] for the case of type (II).)

So assume that a < o/, B < B’ and y < y'. Let a = Z"* — xX'y#" |
b=Xete _YBZ" and ¢ = YF+F' — X2Z7 Hence p = (a, b, ¢) and any pair
of a,b and ¢ forms a regular system of parameters for 4,. We begin with
the following

a ﬂl !
MZ[X Y Z’]’

Lemma (24). a<ad', < B or y<y.

Proof. Suppose that « = o', B = B’ and y» = y'. Then since a — b =
(X*+YB 4+ Z")(Z” — X*), we have X* +YP + Z? e p or Z? — X* € p,
while p C (X, Y#, Z?)2. Hence Z” € (X*, Y#, Z??), which is absurd.

Proposition (2.5). There exists d, € p® such that

X%dy =acZ? " — pYF-F,
YPdy=ab—-c*X*"°Z"~" and Z"dy=—a*+ bcX*YF 5.

If a<a, then dy = —Z"+**' mod(X).
Proof. Because X°a+YBb+Z"c=YPa+2Z'b+ X*c=0, we see

Xa+YPb)y-b=-Z"bc=(YPa+ X¥¢)-cZ?"~?

so that X%(ab — c2X®'~2ZY'~7) = YB(acZ?'~7 — b2YF'~F) whence X°d, =
acZ? -7 —bp2YF -8 and YPd, = ab—c2X*~2Z"~7 for some d, € p'? . Notice
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that
(Z7dy)b

(Z'b)d, = (-YPa - X¥¢)d,
(Y# dy)(~a) + (X® dp)(—c X ™)
(—a® + beX*—YF -F)p

and we get Z7dy = —a? + beX¥~2YF'~F too. If a < o, we have YA d, =
ab = -YBZ"+2'mod(X) so that d, = —Z7*%" mod(X).
Corollary (2.6) [5]. (1) p? = (d,) +p*.

(2) na(P?) <5,

(3) pM#£p* if n>2.
Proof. By (2.4) we may assume that a < o’. Then as d, = -Z 1+2'" mod(X)
by (2.5) and as (X)+p = (X)+ (Z"", YEZ? | YB+F') we have

(#) (X, do)+D% = (X)+(Z74Y", Y2BZY' | Yh+B Zzr+r' Y2+ 70" y2B+87)

whence [4(4/(X, dy) +p?) = 3(By + 7' + B'¥') by (2.3). Let exa(4/p?)
denote the multiplicity of 4/p? relative to the parameter X . Then

L4(A/(X) +p?) = ex4(A/p?)

since A/p'? is a Cohen-Macaulay ring, while we get by the associative formula
[8, p. 126] of multiplicity that

exa(A/p?P) = 14 (Ap/D*Ap) - exa(A/D) = 3+ 14(4/(X) +p)
=3 1(A4/(X) + (Zy+y’ , YBzZY , Yﬁ+ﬂ’))
=3By + By +BY)

(cf. (2.3)). Hence I4(A/(X, d3) + p?) = L4(A4/(X) + p?), which yields (X)+
p@ = (X, dy) +p? so that p@ = (d,) + p? + Xp?® . Thus Nakayama’s lemma
proves the assertion (1). Notice that u4(p?) = u4((X) +p? /(X)) <5 by the
above equality (#) and we have the assertion (2). As (X)+p? C (X, Y, Z20+)
and as d» = —Z"*? mod(X), we have d, ¢ (X)+ p? so that d, ¢ p?;
hence p@ # p2. Let n > 3 be an integer and assume that p(™ = p". Hence
dat-(at)" 2 e p"t"'. Weput R=3,5,p't and G = R/pR (= @;>,P'/p'*!).
Then because at is G-regular (cf., e.g., [4, 2.1]), we have dyt € PR, that is
d, € p* which cannot happen as we have checked above. Thus p®) # p” for
all n>2.

3. PROOF OF THEOREM (1.1)
We begin with the following
Theorem (3.1). Suppose that p is generated by the maximal minors of the matrix

X Y3 Zn+l
[Y z3 X"]’

where X ,Y ,Z is a regular system of parameters for A and n is a positive
integer. Then Ry(p) is a Gorenstein ring.
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Proof. If n =1, then after renaming X, Y and Z, we may assume that p is
generated by the maximal minors of the matrix

XYZ3]

M=[Y z X3

Let us maintain the same notation as in §2. Then the matrix M is of type (I) and
so we have by (2.5) that d, = —Z® mod(X). Hence (c, d,, X) = (X, Y2, Z8)
and

la(A[(c,dr, X)) =16=1-2-14(A/(X) +D),

because [4(A/(X) +p) = L4(A/(X) +(Z°,YZ3,Y?) = 8 (cf. (2.3)). Thus
R;(p) is a Gorenstein ring by (2.2).

Suppose that n > 2 and recall that Xd; = acZ"~2 — b2Y? and Yd, =
ab — c2xX"-1Z"=2% (cf. (2.5)). Then as

(Xdy + b2YHb = Z" 2abc = (Ydy + 2 X" 12" ) cZ" 2,

we have X(bd, — 3X"2Z2~%) = Y(cd,Z"% — b3Y) so that

(1) Xd3 = cd>,Z"~2 — b3Y and

(2) Yd3 = bd2 —c3xn-2zm-4 ,
for some d; € p®. When n = 2, we have d) = —Z° mod(X) (cf. (2.5)).
Hence as Yd; = (Z'2 — Y'1)Y mod(X) by the equation (2), we get d; =
Z'2 — Y mod(X). Therefore (b, ds, X)= (X, YZ3, Z12 - Y1) so that

14(4/(b, d3, X)) = 14(A)(X, Y, Z? = Y'") +14(4/(X, Z°,Z"? - Y'))
=45=1-3-14(A/(X)+p),

since 14(A/(X)+p) = [4(A/(X)+(Z6,YZ3,Y*) =15. Thus Rs(p) is Noethe-
rian by (2.1). Because p®@ = (d,) + p? (cf. (2.6)(1)), we have (X, b) +p? =
(X,Z°,YZ3, Y?) whence

14(4/(X , b) +p?)) = 30 = ex4(4/(b) +p1?),

that is 4/(b) + p'» is Cohen-Macaulay and so R,(p) is a Gorenstein ring by
(2.2).
Now assume that n > 3. Then since

(Xdy + b3Y)=bcd,Z" 2 = (Yds + X224 cZ"?

by the equations (1) and (2), we have X (bd3—c*X"—3Z3"=6) = Y (cd3Z"~2-b*)
so that

(3) Yd, = bd; - ctxn-3z3n-6
for some d4 € p¥ . Notice that d; = Z3"*6 mod(X) by the equation (2) and
we get dy = —Z*t7 — Xn-3Y15Z37-6 mod(X) by the equation (3). Hence
(c,dy, X)= (X, Y*, Z¥+7) so that

Li(A/(c,ds, X)) =4-(4n+T)=1-4-1,(4/(X)+p).

Thus R;(p) is Noetherian by (2.1). To check that R;(p) is Gorenstein, it is
enough by (2.2) to see that 4/(c) +p® and 4/(c)+p!® are Cohen-Macaulay.
As (X, c)+p?® = (X)+(Z2+5,Y2Z2"+2 | Y4) (cf. (2.6)(1)), we have

L(A/(X, ) +pP) =2+ (4n+7) = exa(4/(c) +p?)
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whence A/(c)+p? is Cohen-Macaulay. Because d; = Z3"*6 mod(X), we have
(X, d3) +pp@ = (X) + (Z3+6, Y3Z3n+3 | ydzints yszm+2,
Y82"+4, Y9Zn+l , le)
by (2.6)(1). Therefore
L4(A)(X, d3) +pp?) = 6 (4n +7) = [4(4/(X) + )
so that (X)+p® = (X, d3) + pp? . Hence
(X, ¢) +p?) = (X) + (Z¥, Y3723+ 14
and so we get
L(A/(X, ¢) +pP) =3 (4n +7) = ex4(4/(c) + pY).
Thus A4/(c) + p¥ is Cohen-Macaulay.
To prove Theorem (1.1) we need one more result.
Propqsition (3.2). Suppose that p is generated by the maximal minors of the
matrix ¥y 23
[ Y 7Z? Xx 2]

where X ,Y ,Z is a regular system of parameters for A. Then R;(p) is a
Gorenstein ring.

Proof. The matrix has type (I) and so by (2.5), Yd, = ab — ¢*Z and Z2?d, =
—a? + bcY . Therefore as

(Ydy +c*Z)a = a*b = (bcY — Z%d,)b,

we get Y(ad, — b%c) = Z(—ac?* — bd,Z) so that Yds = —ac? — bd,Z and
Zd3 = ad, — b?c for some d; € p® . Notice that

dy= -2Z8 mod(Y), d, = —-X°Y mod(Z),
dy= —Z'2+ X'°Z mod(Y) and d3=X*Y" mod(Z).

Then we have c2d, + bd; = 0 mod(Z), whence Zd; = c?d, + bd; for some
ds € p¥ . Because ds = X% —2X%Z'" mod(Y), we see

14/ (dy, ds, Y)) = 14(4/ (X", Y, Z%)) = 112=2-4-14(4/(Y) +).

Thus R;(p) is Noetherian by (2.1). To check that R;(p) is Gorenstein, let
= (d2, d3) +P* (C (d2) + 1)) . Then

(Y)+I=(Y)+(Z8, x82¢, x8z2*, x'97, x'?)
so that 14(A4/(Y)+I) =70 by (2.3), while

ey 4(4/(d2) +p®)) = 1y (Ap/drAp + P’ Ap) - ey4(A4/D)
=5.14=170

by the associative formula of multiplicity (cf. [1, (3.1)(3)], too). chce by the
inequalities

L(A/(Y) +1) 2 Ly(4/(Y , d2) + p¥)) 2 ey4(4/(d2) + D)),
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we get that A/(d>) + p'® is Cohen-Macaulay. Let J = (da, d4) + d3p + p* (C
(d) + p¥). Then

(Y)+J =(Y)+(Z8, x10z6 x1273 x4
so that [4(A4/(Y)+ J) =98 = ey 4(A4/(d>) + p¥)) , whence by the inequalities
Li(A/(Y)+ ) > Li(A/(Y , d2) + D) > ey 4(4/(d2) + p¥),

we find that 4/(d,)+p® is Cohen-Macaulay. Thus Ry(p) is a Gorenstein ring
by (2.2).

Remark (3.3). The prime ideal p = p(11, 14, 10) corresponds to the ideal
considered in (3.2).

Proof of Theorem (1.1). We write m = 4n+r with 0 <r< 4. If r =0,
then p = (X! — Z", Y4 — X3Z) which is a complete intersection in 4 =
k[[X, Y, Z]]. Hence p® = p” for any n > 1 and we have an isomorphism
Rs(p) = A[T,, T5]/(f) of A-algebras, where A[T,, T»] is a polynomial ring
and 0 # f € A[T,, T;]. Thus R(p) is certainly Gorenstein.

(1) (r=1).If n=0,then Y — X2 € p and p is a complete intersection in
A.If n=1,then p=(Y3-2Z2, X3-YZ), which is a complete intersection in
A . Thus we may assume n > 2. Then p is generated by the maximal minors
of the matrix

X3 Y3 zv
{: Y ZZ Xn—l]
(cf. [2]), whence the assertion follows from [1, (4.1)] if n > 4. The cases
n =2, 3 are the exceptional ones, thatis m =9, 13.
(2) (r=2). We may assume n > 1, because Z — Y2 € p if n=0. Hence
p is generated by the maximal minors of the matrix
X3 Y2 Zn
[Y2 z X"]
so that the assertion follows from [1, (4.1)] if n > 3. When n = 1, notice that
p is generated by the maximal minors of the matrix
Y2 z Xx3
Z X Y?
and we have R;(p) to be a Gorenstein ring again by [1, (4.1)]. If n=2,p is
generated by the maximal minors of the matrix
Y2 ZZ X3
[ z x? Y2]
so that R;(p) is Gorenstein by (3.2).
(3) (r=3). Wemayassume n>1,as Z—- XY e€p if n=0. Hence p is
generated by the maximal minors of the matrix
yA Y3 xn+l
[Y X3 zr J
so that the assertion follows from (3.1). This completes the proof of Theorem

(1.1).

The symbolic Rees algebras R,(p) for p = p(9, 10, 13) is Noetherian but
not Cohen-Macaulay, if chk=3 (cf. [7]). The same is true for p = p(13,14,17)
too, if chk = 3. We shall prove it in the following
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Example (3.4). Let p = p(13, 14, 17) and let M denote the unique graded
maximal ideal of R;(p). Then R (p) is a Noetherian ring with dim R;(p)m = 4
and depth R;(p)m =3, if chk =3.

Proof. The ideal p is generated by the maximal minors of the matrix
X3 vy z3
Y Z X2]

of type (I). Let a = Z* - X2Y3,b=X3-YZ3 and ¢ = Y* — X3Z (hence
p=(a,b,c)). Thenas X3a+Y3b+Z3c=Ya+Zb+ X% =0, we have
Y3a3 + Z3b3 + X6c3 = 0. Therefore because

(Z303 + X8c3)b = -Y3a®b = (X3a + Z3¢)d®
we see X3(a* — bc3X3) = Z3(b* — a’c) so that Z3dy = a* — b3 X3 for some
d4 € p¥ . Notice that ¢ = Y* and d, = Z'3 mod(X) and we find

la(A(c, ds, X)) =52=1-4-14,(4/(X) +p),
whence R;(p) is Noetherian by (2.1) but non-Cohen-Macaulay by (2.2) and [7,

(2.4)]. Because depth R;(p)m > 3 by [1, (2.1) and (3.7)(3)] and dim R;(p)m =
4, we get depth R;(p)m = 3 as required.

|

4. PROOF OF THEOREM (1.2)

Let p = p(n;, ny, n3) with n; = 4 and assume that p is not a complete
intersection in A = A[[X, Y, Z]]. Hence by [2] the ideal p is generated by
maximal minors of a matrix of the following form

Xe Y& z7

Yt zv x«
with positive integers o, f,y,a’, 8/ and . Then as (X)+p = (X) +
(Zr+7", YPZY, YP+F'), we have [4(A/(X) +p) = By + By + B'¥' (cf. (2.3)),
while ey, (A/p)=4(=n;). Hence f=9"=1and y+ ' =3,as fy+ By +
B’y =4. We may assume y =1 and S’ =2 so that solving the equations

4(a+a’)=n2+n3, 3ny =4a+n3, 2n3=4a’ +2n,,

we get n, = 2a+a’ and n3 = 2a+ 3¢’ ; hence o is odd, as GCD(4, n;, n3) =
1. Thus Theorem (1.2) follows from the next more general

Theorem (4.1). Let p be a prime ideal in a 3-dimensional regular local ring A
and assume that p is generated by the maximal minors of a matrix of the form

X1 Y2 Z
Y Z Xx°

where X, Y , Z is a regular system of parameters for A and p, q are positive
integers with p odd. Then Rg(p) is a Gorenstein ring.

We divide the proof of Theorem (4.1) into a few parts. First we put a =
Z? - X?Y?, b=XPt9—-YZ and ¢ = Y3 - X9Z . Hence p = (a, b, c) and
any pair of a, b and ¢ forms a regular system of parameters for 4,. Choose
0< ke Z sothat kp < g < (k+ 1)p. Then we get by [6, Proof of 3.14] the
following
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Lemma 4.2. There exist elements e, € p™ (1 < n < k +2) and f € p+3)
such that

e =Y mod(X) (1<n<k+1),

2 = (—1)¥Z%*+3 mod(X) ifg<(k+1)p,
= Y245 4 (-DkZ%*3 mod(X) ifq=(k+1)p,
f = —Z%+* mod(X) ifg—kp<(k+1)p-gq,
= Y*+8 mod(X) ifg—kp>(k+1)p—-q>0.

The Noetherian property of R;(p) now directly follows from (2.1) and (4.2),
because

l4(A/(b, ek, X)) = IA(A/(X, YZ, Y2k+5 4 (_1)k22k+3))

(4.3) =1-(k+2)-4 ifg=(k+1)p,
() LA, £ XD) = L(A)(X, YR, 28,
. =(k+1)-(2k+3)-4 ifg—kp<(k+1)p—g
and
(4.5)

Li(A/(eks2, [, X)) = L4(A) (X, Y+ Z2K+3y)
=(k+2)-2k+3)-4 ifq—kp>k+1)p—-qg>0
(notice that q — kp # (k+ 1)p —q, as p is odd).

To see that R (p) is a Gorenstein ring we need further informations about
the ideals p(™ . We begin with the following

Proposition (4.6). p =p" +3_e;p"/ for I<n<k+1.
Proof. Let I =p"+ 3 7_ e;p"~/ and
J=(X)+ (2", vz, yizet Yz
+(Ymazeel yndzne2 o yig |yl
Then (X)+1 D J, because
a" /b =Y/Z*/ mod(X) for0<j<n,

b 1Jej = Y"2HiZm=1=  mod(X) for0<j<n-1.
As 14(4/J) = 4("3") = exa(A/p™) (cf. (2.3)), by the canonical inequalities

Li(A)T) > L4(A/(X) + 1) > L4(4/(X) + p™) > exa(4/p™)

weget J = (X)+1=(X)+p"™. Hence p® =TI+ Xp™ so that p» =1 by
Nakayama’s lemma.
Corollary (4.7). Ry(p) is a Gorenstein ring, if g = (k + 1)p.

Proof. By (4.6) and its proof we see (X, b) +p™ = (X) + (Z¥,YZ, Y+
so that

Li(A/(X, b) + ™) = 4n = ex4(4/(b) + ™)
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for 1 <n<k+1. Hence A/(b)+p™ isa Cohen-Macaulay ring, which proves
by (2.2) and (4.3) the assertion.

Proposition (4.8). Suppose q < (k + 1)p. Then p™ =p" + 3
k+2<n<2k+2.
Proof. Let I =p" + Zfﬁ e;p""~/) and
J = (X) + (ZZn—l , YZZn—Z e Yn—k—zzn+k+l)
+ (Yn—an+k , Yn—k+lzn+k—l e Y"Z")
+ (Yn+22n—l , Yn+3Zn—2 e Yn+k+zzn—k—1)
+ (Yn+k+4zn—k-2 , Yn+k+SZn—k—3 e, Y2"+2).
Then (X)+ I D J, because
a"k"2-ipiey,, = (-1)FYIZ? /"I mod(X) for0<j<n—-k-2,
ak—ipnk+i = (—1)n—k+iyn—itkzntk=i mod(X) for0< j<k,
bl = (=1)" Ty H+2Zn == mod(X) for0< )<k,
b”'k‘z‘jek+1ej+1 = (_l)n—k+jyn+k+4+jZn-k—2—j mod(X)
for0<j<n-k-2.
Therefore as [4(A/J) = ex4(A/p™), we get similarly as in the proof of (4.6)
that J = (X)+ 1= (X)+p™ . Hence p*) =1.

Proposition (4.9). Suppose that q —kp < (k+ 1)p —q. Then

k+2

p(") = pn + fp(”-Zk_S) + Z e]p(n".’)
j=1

f:,z e;p"~)) for

for 2k +3<n<3k+3.
Proof. We put I =p" + fp"=2k-3) 4 Ef;‘lz e;p"~J) and
J = (X) + (ZZn—Z , YZZn—3 e Yn—2k—3Zn+2k+1)
+ (Yn—2k—lzn+2k , Yn—2k2n+2k—l e Yn—k—ZZn+k+l)
+ (Yn—kzn+k , Yn—k+|Zn+k—l e Y"Z”)

+(yn+22n—l Yn+3Zn-—2 Yn+k+ZZn—k—1)
+(Y"+k+4Z”—k—2 Yn+k+SZn—k—3 Yn+2k+4Zn—2k—2)

+ (Yn+2k+6zn—2k—3 , Yn+2k+7zn-—2k—4 e Y2n+3).

Then (X)+ 1D J, because

a"~*=3-ipi f = (—1)/*1Y/Z?"2  mod(X) for0<j<n-2k-3,

ak—j—lbn—2k—l+jf = (_1)n+jyn—2k+l+jzn+2k—j mod(X) for0<j<k-1,

aktipn—k=i = (—)n—k-jyn-k-izn+k+i mod(X) for0< j<k,

b1 e = (-1)" 1T/ Y2+ Zn=1=) mod(X) for0<j <k,

brk=2-Jg iy = (—1)" ki ymthtdrizn—k=2-J mod(X) for 0< j <k and

bn_Zk—3_j(€k+1)2€j+1 = (__1)n—l—jyn+2k+6+jzn—2k—3—j mod(X)
for0<j<n-2k-3.
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Hence we have J = (X)+1I = (X)+p™ for 2k +3 < n < 3k +3 by the same
reason as in the proof of (4.6). Thus p(" =1.

Corollary (4.10). R(p) is a Gorenstein ring, if g—kp < (k+1)p—q.

Proof. 1t suffices to see that 4/(ex,,, f)+ p™ is a Cohen-Macaulay ring for
each Kk +2 < n < 3k +2 (cf. (2.2) and (4.4)); that is enough to check
La(A)(X , ey, ) +PW) < exa(A/(exs1, ) +p"™). However, because

exa(A/(exrrs [)+P") =4+ Ly (Ap/(exsr, f)Ap + " 4p)

by the associative formula of multiplicity (cf. [8]) and because ey, f forms
a super regular sequence in A, (cf. [1, (3.1)(3)]), we can easily compute the
exact value of ey4(A4/(exy1, f)+p™) in terms of n and k, that is

exa(A/(exs1 s f)+D("))
=2(2n-k)(k+1) (k+2<n<2k+2)
=2(6kn — Sk? — 11k — n®> + Tn — 6) 2k+3<n<3k+2),

while we now explicitly have the ideal (X, e,,;, f)+ p™ by (4.6), (4.8) and
(4.9) (cf. their proofs, too). Therefore the required inequality /,(A/(X,ex.1, f)
+p"™) < ex4(A4/(exs1, f)+p™) can be directly checked, which we would like
to leave to the readers.

Proposition (4.11). Suppose that q — kp > (k + 1)p — q > 0. Then we have

k+2
(1) pk+d) — p2k+3 (1) 4 Zejp(z"”‘”.
j=1
k+2 '
2)  p"=p+ " HI 4N ep" ) for2k +4<n<3k+4.
Jj=1
Proof. (1) Let I =p**3 +(f)+ Y57 e;p?+3-) and

— (X) + (Z4k+5 , Yz4k+4 e Yk+lz3k+4)

+ (Yk+3z3k+3 Yk+4z3k+2 . Y2k+322k+3)
+ (Y2k+SZZk+2 Y2k+622k+1 . Y3k+SZk+2)
+ (Y3k+7zk+l Y3k+82k . Y4k+8).

Then (X)+1 D J ,because
a1 ibiey,, = (—1)/FYIZ%+5- mod(X) for0<j<k+1,
ak—jbk+3+j = (_1)k+1+jyk+3+jz3k+3—j mod(X) for 0 < j< k,
b*+2-Jg; ) = (=1)/Y2k+5+iZ2%k+2-) mod(X) for0< j<k,
b¥1iey ey = (1)K Y3ktTHi ZK+ 1= mod(X) for0< j <k

and

f = Y%+ mod(X).

As 14(A)T) = ex (A/pP+D), we get J = (X)+ I = (X) + p*+3) whence
l)(2k+3) =7.
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—2k— k+2 —j
(2) Let 1 =p" + fp"=%*~3 + 37 T e;p~/) and

J = (X) + (ZZn—Z Y22n—3 . Yn—2k—4zn+2k+2)
+ (Yn—2k—22n+2k+l Yn—2k—lZn+2k . Yn—k—22n+k+1)
+ (Yn—an+k Yn-—k+lZn+k—l Y"Z")

+(yn+ZZn—l Yn+SZn—2 Yn+k+ZZn—k—1)
+(yn+k+4zn—k—2 Yn+k+SZn—k—3 Yn+2k+SZn—2k—3)

+ (Yn+2k+7zn—2k-—4 , Yn+2k+82n—2k—5 e Y2"+3).

Then (X)+12J, as

a""*=4=ipi(er,,)? = (=1YYIZ* 27  mod(X) for0<j<n-2k-—4,

ak_jbn_Zk_2+j€k+2 = (_l)n—k+jYn—2k-—2+jZn+2k+1—j mod(X) for 0 < j< k,

ak-ipn—k+i = (—1yrk+tiyn—k+izntk=i mod(X) for0<j<k,

b1y = (=) Yyt Zn 1= mod(X) for 0< j <k,

b" k"2, 1ejy = (1) kY Hk+atiZn=k=2=) mod(X) for0<j <k,

bn—2k—3f = (_l)n—l Yn+2k+52n—2k—3 mod(X) and

bn—2k—4-jfej+1 = (_l)n—jyn+2k+7+jzn—2k—4—j mod(X)
for0<j<n-2k-4.

Because /4(A/J) = ex(4/p™), we have J = (X)+1 = (X) + p™, whence

p(”) =1.

Corollary (4.12). R;(p) is a Gorenstein ring, if g —kp > (k+1)p—q>0.

Proof. By (2.2) and (4.5) we have only to check that /,(A4/(X, exy2, f)+p™) <
exa(A/(exs2, £)+p™) for k+3 < n < 3k + 3. Because we explicitly know
the ideals (X, ex,2, f) +p"™ by (4.6), (4.8) and (4.11) and because

exa(A/(ers2, f)+P("))
=4kn—-2k>+8n—-6k—-4 (k+3<n<2k+3),
= 12kn—2n® +18n - 10k> - 26k — 16  (2k+4<n<3k+3)

we are able to directly check the required inequality. This completes the proof
of Theorem (4.1) as well as that of (4.12).
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